Conditional copula which measures the conditional dependence among variables, possesses a special position in copula field. In this article, based on Bayes theorem, we derive three kinds of conditional copula functions as the product of the corresponding conditional copula density functions and the corresponding unconditional copula functions (or the cumulative distribution functions). Then, a novel nonparametric method for estimating these conditional copula functions is proposed by the classification of the Monte Carlo Simulation (MCS) samples and by the kernel density estimation. In contrast to other estimation methods for conditional copula functions, the proposed method needs only a set of samples without any parameter or distribution assumption, or other complicated operators (such as estimation of the weights, integral operator, etc.). Therefore, the proposed nonparametric method reduces the computational complexity and possesses more universality for estimating the conditional copula functions. A 2-dimensional normal copula function, a numerical example, a structural system reliability analysis considering the common cause failure and an astrophysics model based on real data are employed to validate the effectiveness of the proposed method. Results show that the proposed nonparametric method is accurate and practical well.
I. INTRODUCTION
Copula, as one of the powerful and promising methodologies for coping with the dependence between variables, has attracted great attention and gained remarkable progress in recent decades. It is firstly proposed by Sklar [1] and regarded as a connection function between the marginal distributions and the joint distribution. Subsequently, vine copula, introduced by Joe [2] and further developed by Bedford, Cooke [3] , [4] and Aas et al. [5] , provides a flexible solution for performing the correlations among the multi-variables. Copula (or vine copula), has been applied in a wide variety of research fields, such as financial assessment [6] , [7] , hydrological field [8] , [9] , energy [10] , reliability analysis [11] - [13] and so on.
Conditional copula function, also called conditional cumulative distribution function (CDF) on fixing one or more of variables at their realizations, possesses a special position The associate editor coordinating the review of this manuscript and approving it for publication was Huaqing Li. to measure the conditional dependence in the copula field. Estimating a conditional copula function is an important feature of many statistical problems. Attempts in approximating the conditional copula function can be classified into two categories: parametric methods and nonparametric solutions. In the parametric methods, each pair of the bivariate copula is specified as a unique parametric copula function. Then the conditional copula function can be derived by the partial derivative of the parametric copula function. The parametric copula function is the most common. In particular, however, many researchers have realized that copula function, relating to the parameter, is always determined subjectively [14] . In addition, misspecification of copula function can have serious consequences [15] - [17] . To remedy this issue, recently nonparametric approaches have received a fair amount of attention. Gijbels [18] , [19] develops a nonparametric estimator based on a sequence of weights, Kauermann and Schellhase [20] employ penalized Bernstein polynomials and B-splines, Nagler and Czado [21] use kernel estimators and integral operator, and Scheffer and Weiβ [22] adopt a non-penalized Bernstein estimator. Although the present nonparametric methods for estimating the conditional copula function are competitive, they require the complicated estimations of the weights [18] , [19] , integral [21] , penalized Bernstein polynomials and B-splines [20] , which is more complex in computation than the estimation of the probability and one or two-dimensional density function. Motivated by the easier estimation of the probability and the one or two-dimensional density function than those of estimators, in this work based on the Bayes theorem, the one or two-dimensional conditional copula function is derived as the product of the probability and conditional one or two-dimensional copula density function. Thus, in contrast to the existing nonparametric methods for estimating the conditional copula function, the estimation of the probability and the one or two-dimensional copula density is simpler and more universal. Thus, the proposed method based on Bayes theorem reduces the computational complexity for the conditional copula functions.
Three kinds of conditional copula functions, including 1) conditional copula function on fixing one of the bivariate variables at its realization. 2) conditional copula function on fixing two or more variables at their realizations. 3) conditional copula function of two or more variables on fixing the other one variable at its realization, are concerned. These three kinds of conditional copula functions are the most common in the copula field and can be easily extended to other kinds of conditional copula functions. In this work, the proposed method uses the idea of the Bayes theorem based on probability density function (PDF) to transform these conditional copula functions as the product of the corresponding unconditional copula function (i.e., probability or CDF) and the corresponding conditional copula density function, which can be obtained by the classification of the Monte Carlo Simulation (MCS) samples and the density estimation methods. Thus, the proposed method is a fully nonparametric estimation and really lets the data ''speak for itself'' without any parametric or distribution assumption, or other complicated operators (such as estimation of the weights, integral operator, etc.).
The rest of this paper is organized as follows. Section II briefly reviews the definitions of three kinds of conditional copula functions. In Section III, we derive these conditional copula functions as the corresponding product of the conditional copula density functions and the unconditional copula functions by the Bayes theorem based on PDF, and present a novel nonparametric estimation of the conditional copula functions by kernel density estimation (KDE). In Section IV, a 2-dimensional normal copula function, a numerical example and a reliability example are employed to validate the accuracy of the proposed method by comparing with the standard reference. And an astrophysics model is analyzed for the conditional dependence by the novel method. Concluding remarks are given in Section V.
II. CONDITIONAL COPULA FUNCTIONS
In copula and vine copula, three kinds of conditional copula functions are concerned, including 1) conditional copula function on fixing one of the bivariate variables at its realization; 2) conditional copula function on the fixing multiple variables at their realizations; 3) the multiple conditional copula function with a covariate.
Suppose there are N independent and identically distributed observations {(x 1 , y 1 , z 1 ), (x 2 , y 2 , z 2 ), . . . , (x N , y N , z N )} from a three-dimensional random vector (X , Y , Z ). The corresponding conditional CDFs are defined as follows, respectively. 1) Conditional CDF on fixing one of the bivariate variables at its realization is denoted by
2) Conditional CDF on fixing two or more variables at their realizations is represented by
3) Joint conditional CDF of two or more variables on fixing other one variable at its realization is denoted by
If the marginal CDFs of the random vector (X , Y , Z ) and the conditional CDFs in Eq.(1) are continuous, then by Sklar's theorem [1] applied to the conditional probability distribution setting, the corresponding conditional copula functions are defined as follows. 1) Conditional copula function on fixing one of the bivariate variables at its realization is denoted by
2) Conditional copula function on fixing two or more variables at their realizations is represented by
3) Conditional copula function of two or more variables on fixing other one variable at its realization is denoted by
where F X (x) = U , F Y (y) = V and F Z (z) = W . VOLUME 7, 2019
III. A NOVEL NONPARAMETRIC METHOD FOR ESTIMATING COPULA FUNCTIONS BASED ON BAYES THEOREM A. NOVEL EXPRESSIONS OF CONDITIONAL COPULA FUNCTIONS BASED ON BAYES THEOREM
In this section, a novel method based on Bayes theorem is proposed to estimate the three kinds of conditional copula functions defined by Eqs.(4)- (6) . Firstly, according to the Bayes theorem based on PDF, the conditional probability can be derived as:
where f X (x) is the PDF of X . f X (x|B) is denoted as the conditional PDF on the event {B}. P{B} is the probability of the event {B}. Therefore, three kinds of conditional copula functions defined in Eqs.(4)-(6) are derived as follows.
1) Conditional copula functions on X = x in Eq.(4) can be derived as:
where c U is denoted as the copula density of U , v and w are the CDFs of the Y and Z , respectively. 2) Conditional copula function on X = x, Y = y in Eq. (5) can be deduced as
and c UV (u, v|W ≤ w) are the conditional joint PDF of X and Y and conditional copula density on the event {Z ≤ z}, respectively. 3) Conditional copula function of Y and Z on X = x in Eq.(6) is derived as
where f X (x|Z ≤ z, Y ≤ y) and c U (u|W ≤ w, V ≤ v) are the one-dimensional conditional PDF and one-dimensional conditional copula density on the event {Z ≤ z, Y ≤ y}, respectively. C WV (w, v) denotes the unconditional copula function of the random variable Z and Y . From Eqs.(8)-(10), it can be found that the novel expressions of the three kinds of conditional copula function in Eqs.(4)-(6) are derived as the product of corresponding conditional copula density function and corresponding copula function (i.e., probability or CDF), which implies that the three kinds of conditional copula functions are uniquely and fully constructed by the corresponding probability and the conditional one or two-dimensional copula density function. Therefore, once the probability and the corresponding copula density function are approximated, the conditional copula functions are obtained. In contrast to the existing nonparametric methods requiring the complicated estimations of the weights, integral, penalized Bernstein polynomials and B-splines, the estimation of the probability and the one or two-dimensional copula density is simpler and more universal. Thus, the proposed method based on Bayes theorem reduces the computational complexity for the conditional copula functions. The estimation procedure of the novel method is introduced in the next subsection.
B. ESTIMATION PROCEDURE OF THE PROPOSED METHOD
According to the Eqs.(8)-(10), the conditional copula functions in Eqs.(4)-(6) are derived as the product of the corresponding probability and conditional copula density function, where the probability can be estimated by numbers of methods (such as MCS, the subset simulation and so on) and the widely used one or two-dimensional kernel density estimation (KDE) can be adopted for the corresponding one or two-dimensional copula density function. Thus, the proposed method is very universal for estimating the conditional copula function. The detailed steps of estimating conditional copula functions in Eqs.(8)-(10) based on Bayes theorem are summarized as follows.
Step (1) . For the N independent and identically distributed observations {(x 1 , y 1 , z 1 ), (x 2 , y 2 , z 2 ), . . . , (x N , y N , z N )}, estimate corresponding probability (i.e., copula function or the CDF )byP
where I is the indictor function. If the corresponding event is true, I = 1; otherwise, I = 0.
Step (2) .
(i) For the Eq.(8) and Eq. (10), one-dimensional conditional copula density c U (u|V ≤ v) and c U (u|W ≤ w, V ≤ v) are needed to be estimated. There are several methods to estimate the one-dimensional probability density, such as the maximum entropy method [23] , [24] , KDE [25] , [26] , etc. In this paper, the widely applied one-dimensional KDE method [25] 
(ii) For the conditional copula function C W |UV (w|u, v) in Eq. (9), the bivariate conditional copula density c UV (u, v|W ≤ w) with the samples falling in the event domain W ≤ w is required. In this article, two-dimensional KDE method [25] is employed, and the Matlab code of this method is available in [27] . Then the bivariate conditional copula densitŷ c UV (u, v|W ≤ w) is obtained with the samples of U and V falling in the event domain {W ≤ w}.
Step (3). Estimate the corresponding conditional copula functions concerned in this paper by Eq. (12) .
According to the procedure above, for estimating the three kinds of conditional copula functions in Eqs.(4)-(6), only a set of N samples is required to estimate the corresponding copula density by the KDE and the corresponding probability by MCS. Thus, the proposed method is a fully nonparametric estimation and really lets the data ''speak for itself''. Fig.1 demonstrates the flow chart of estimating conditional copula functions by the proposed solution.
IV. EXAMPLES
In this section, in order to validate the effectiveness of the proposed method based on Bayes theorem, four examples are introduced. To accelerate the convergence with the increase of sample size, the number theoretical sampling method [28] , [29] is utilized to generate samples due to its property of the low-discrepancy, which makes the results more robust. 
A. EXAMPLE 1: A NUMERICAL TEST CASE OF THE NORMAL COPULA FUNCTION
The normal copula function, as a typical elliptical copula function, is employed to validate the accuracy of the proposed method in comparison with the parametric method. The expression of the 2-dimensional normal copula is written as
where (·) denotes the CDF of a standard normal variable. u 1 and u 2 are the CDFs of X 1 and X 2 ,respectively. θ is the Pearson correlation coefficient. Both of the mean values of X 1 and X 2 are zero. The covariance matrix is given by Eq. (14),
The Kendall' tau τ X 1 X 2 = 0.1597 with N = 1.0946 × 10 4 samples.
Based on the connection between the conditional CDF F X 1 |X 2 (x 1 |x 2 ) and partial derivative of copula function within the parametric copula framework, i.e.,
The partial derivative of 2-dimensional normal copula is derived as
Finally, the conditional 2-dimensional normal copula function is derived as
Therefore, for estimating the conditional 2-dimensional normal copula function defined by Eq.(13), a comparison VOLUME 7, 2019 between the parametric method and the proposed nonparametric one is drawn. Firstly, we select arbitrarily an interesting region of each variable and uniformly discretize it into 10 points. Therefore, for the 2-dimensional conditional copula function, there are 10 × 10 values of C U 1 |U 2 (u 1 |u 2 ) to be estimated. In order to further check the accuracy of the proposed method, the mean relative error (MRE) is adopted.
The results of the conditional CDF F X 1 |X 2 (x 1 |x 2 ) in the diagonal of the whole interesting region (e.g., IR = {x 1 ∈ [−0.5, 0.5], x 2 ∈ [−1, 1]}) are illustrated in Fig.2 , where the Kendall's tau determined by the set sample {x 1 , x 2 } in the region IR is equal to ''1'', i.e., τ X 1 X 2 ∈IR = 1. From Fig.2 , it can be seen that the curve obtained by the proposed nonparametric method is in good agreement with that plotted by the parametric one. And the MRE with 10 × 10 values of F X 1 |X 2 (x 1 |x 2 ) is 0.0082. Thus, the proposed nonparametric method based on Bayes theorem is accurate in comparison with the parametric method for estimating the conditional normal copula function.
B. EXAMPLE 2: A NUMERICAL TEST CASE
A numerical test example for validating the accuracy of the proposed method is employed. The mathematical expression of this model is given as
where X 1 and X 2 are independent and follow the standard normal distribution N (0, 1). Because the relationship among the variables based on Eq.(18) is explicit, by fixing one variable X i at its realization x ij , the direct MCS can be used to obtain the conditional cumulative distribution function (CDF) F Y |X (y|x) on X i = x ij , where Y denotes the response of the performance function, i.e., Y = g(X). Thus, a comparison between the proposed nonparametric method based on Bayes theorem and the direct MCS is drawn to validate the accuracy of the proposed method within the nonparametric copula framework, where the results obtained by the direct MCS can be regarded as ''standard reference''. The main steps of the direct MCS for estimating the conditional copula function are summarized as follows.
Step 1. Generate N -size sample X = {x 1 , x 2 , . . . , x N } of the m-dimensional input vector X by the joint PDF f X (x), where x j = x 1 j , x 2 j , . . . , x mj (j = 1, 2, . . . , N ).
Step 2. Obtain the conditional response Y |X i = x ij (i = 1, 2, . . . , m) and Z |X i = x ij by fixing one variable X i at its realization x ij , i.e., Y | X i = x ij = g 1 x ∼i , x ij and Z | X i = x ij = g 2 x ∼i , x ij , where x ∼i represents all other variables except x i .
Step 3. Estimate the conditional CDF F Y |X y|x ij and F YZ |X y, z|x ij with the samples of the conditional response
Comparing with the direct MCS with N = 1.0946 × 10 4 samples, two conditional copula functions, i.e., C V |U (v|u) and C W ,V |U (w, v|u), are estimated. Firstly, we select arbitrarily an interesting region (e.g.,
Then the region IR of each variable is uniformly discretized into 10 points for a clear comparison between the values estimated by the proposed method and those obtained by MCS, thus, τ X 1 Y ∈IR = 1, τ X 1 Z ∈IR = 1 and τ YZ ∈IR = 1. For the two-dimensional conditional copula function, there are 10 × 10 values of C V |U (v|u) to be estimated; for three-dimensional conditional copula function, 10 × 10 × 10 results of C W ,V |U (w, v|u) are obtained.
In this example, X 1 is regarded as a covariate, and the conditional copula function C V |U 1 (v|u 1 ) is calculated by both of the direct MCS and the proposed method, where the 10 × 10 × 1.0946 × 10 4 model evaluations are required by the direct MCS, while for the proposed method, only 1.0946 × 10 4 model evaluations are needed. It can be concluded that the proposed method is more efficient than the direct MCS. The results with the domain Fig.3 . For comparing the results more clearly, the plot of C V |U 1 (v|u 1 ) obtained by MCS is ''1'' higher than that estimated by the proposed method. And the isopleth of each plot is also shown in Fig.3 . The MRE of the results obtained by the proposed method is 0.0076.
To investigate the conditional dependence between Y and Z on the covariate X 1 = x 1 , C W ,V |U 1 (w, v|u 1 ) is estimated by the direct MCS requiring 10 × 10 × 10 × 1.0946 × 10 4 model evaluations and the proposed method based on Eq.(10) with only 1.0946 × 10 4 model evaluations. The corresponding results are shown in Fig.4. Fig.4 demonstrates that the results obtained by MCS and those estimated by the proposed method are mostly consistent with each other in the whole interesting region. The MRE with 10 × 10 × 10 values of
According to values of MRE and the results in Fig.3 and Fig.4 , it can be concluded that the proposed method is accurate enough for estimating two kinds of conditional copula functions, i.e., C V |U (v|u) and C W ,V |U (w, v|u). And in comparison with the direct MCS, the proposed nonparametric method based Bayes theorem is more efficient.
C. EXAMPLE 3: A STRUCTURAL SYSTEM RELIABILITY ANALYSIS
In this case, an elastoplastic truss structural with 2 stories and 1 bay in Ref. [13] , [30] is considered, as shown in Fig.5 . Because of the random loads F 1 and F 2 , the system failure is caused by one or more common causes. The system reliability analysis refers to the common cause failure [31] , i.e., the system failure probability can be regarded as a function varying with the common causes.
All failure modes are series-wound. The eight limit state functions of failure modes are described as:
where strengths T i (i = 1, 2, 3, 4, 5, 6, 7, 8, 9, 10) and loads F i (i = 1, 2) are independently normal random variables with distribution parameters shown in Table 1 .
To analyze the structural system reliability, the conditional failure probability functions of the system are concerned, and we define them as (20) where ω 1real and ω 2real denote the realizations of the random variable F 1 and F 2 , respectively. P f (F 1 ) and P f (F 2 ) are the system failure probability function with respect to the random load F 1 and F 2 , respectively. P f (F 1 , F 2 ) represents the system failure probability function referring to the load F 1 and F 2 . The conditional failure probability functions defined by Eq.(20) reflect the dependence among the system failure and the loads.
To estimate them by proposed method, the conditional failure probability functions are expressed as the conditional copula function. Based on Eqs.(8) and (9) , they are rewritten as 
where U 1 and U 2 are the CDFs of random variables F 1 and F 2 .
For the interesting region IR = {F 1 ∈ [2, 20], F 2 ∈ [1.5, 5.5]} of random variables F 1 and F 2 , we uniformly discretize it into 10 points. So τ F 1 F 2 ∈IR = 1, and there are 10 values of P f (F 1 ) and P f (F 2 ), respectively; while for the P f (F 1 , F 2 ), there are 10 × 10 estimates. All of them are estimated by the proposed method and the direct MCS with N = 2.97974×10 5 size of samples. However, 10×2.97974× 10 5 and 10×10×2.97974×10 5 model evaluations are needed by the MCS for P f (F 1 ) and P f (F 1 , F 2 ), respectively. While by the proposed nonparametric method, only 2.97974 × 10 5 model evaluations are required for all failure probability functions. Therefore, in contrast to the direct MCS, the proposed method is more efficient.
The results of three conditional failure probability functions of the system are plotted in Fig.6, Fig.7 and Fig.8 . As demonstrated in these figures, the estimates obtained by the proposed method based on Bayes theorem are quite close to those calculated by the direct MCS. The MRE of each conditional failure probability function is listed in Table. 2. Based on Table. 2 and Figs.(6)- (8) , it can be observed that the proposed method is accurate.
These figures reflect that the structural system failure probability raises with the increase of loads, which improves the important information for the reliability-based design. 
D. EXAMPLE 4: APPLICATION TO A REAL-DATA MODEL
In this Section, a dependence problem from astrophysics in [21] , [32] is investigated based on the real-data. The data set is considered as the synthetic data imitating measurements taken on images from the MAGIC (Major Atmospheric Gamma-ray Imaging Cherenkov) Telescopes with 19020 observations [21] , and it is available in [33] . Three random variables: fConcl, fM3Long and fM3Trans from the MAGIC data, denoted as X 5 , X 7 and X 8 , are employed to analyze the interdependence between each other in this paper, where τ X 5 X 7 = −0.2205, τ X 5 X 8 = −0.0075 and τ X 7 X 8 = −0.0014.
We focus on conditional copula function C U 7 |U 5 (u 7 |u 5 ) of X 7 upon X 5 = x 5 , C U 8 |U 5 (u 8 |u 5 ) of X 8 on X 5 = x 5 , and the conditional false positive rate (FPR) functions. The FPR, firstly mentioned in Ref. [32] , is defined as the ratio of the number of false positives and the number of observations in this paper. Five conditional FPR functions of X 7 and X 8 are investigated, i.e., P(X 7 ≤ 0|X 5 = x 5 ), P(X 8 ≤ 0|X 5 = x 5 ), P(X 7 ≤ 0, X 8 ≤ 0|X 5 = x 5 ), P(X 7 ≤ 0|X 5 = x 5 , X 8 = x 8 ) and P(X 8 ≤ 0|X 5 = x 5 , X 7 = x 7 ). In which, P(X 7 ≤ 0|X 5 = x 5 ) and P(X 8 ≤ 0|X 5 = x 5 ) represent the dependence the FPRs of X 7 and X 8 with X 5 , respectively. P(X 7 ≤ 0, X 8 ≤ 0|X 5 = x 5 ) measures the concordance of the FPR of X 7 and X 8 when covariate X 5 is fixed at a given value. P(X 7 ≤ 0|X 5 = x 5 , X 8 = x 8 ) and P(X 8 ≤ 0|X 5 = x 5 , X 7 = x 7 ) indicate the changes of FPRs of X 7 and X 8 with other two variables, respectively.
For these three sets of observations, there is no explicit relationship among them, thus the direct MCS is unavailable and we estimate these conditional FPRs by the proposed method. Based on the Eqs. = F X 8 |X 5 (X 8 ≤ 0|x 5 )
= F X 8 |X 5 ,X 7 (X 8 ≤ 0|x 5 , x 7 )
where F X 5 (x 5 ) = U 5 , F X 7 (x 7 ) = U 7 and F X 8 (x 8 ) = U 8 . u * 7 and u * 8 are the unconditional FPRs of X 7 and X 8 , respectively, i.e., u * 7 = P(X 7 ≤ 0) and u * 8 = P(X 8 ≤ 0). The estimates of conditional copula function C U 7 |U 5 (u 7 |u 5 ) and C U 8 |U 5 (u 8 |u 5 ) are plotted in Fig.9 . And Fig.10 shows the conditional FPR functions of X 7 and X 8 on X 5 = x 5 , respectively. It can be seen from Fig.10 that the FPR of X 7 raises with the increase of X 5 ∈ [0.1, 0.35]; while for the FPR of X 8 , there is no monotonic relationship with X 5 . As demonstrated in Fig.11 , the concordance of the FPR of X 7 and X 8 has a monotonically increasing relationship with the covariate X 5 ∈ [0.1, 0.35]. At last, the results of P(X 7 ≤ 0|X 5 = x 5 , X 8 = x 8 ) and P(X 8 ≤ 0|X 5 = x 5 , X 7 = x 7 ) are shown in Fig.12 and Fig.13 .
Based on these figures, the features of the conditional dependence among these three variables can be appropriately captured. Thus, the proposed nonparametric estimation for conditional copula functions is viable. 
V. CONCLUSION
Conditional copula measures the conditional dependence among the variables. It possesses an important position in many statistical analysis problems. In this paper, three kinds of conditional copula functions are concerned. These three kinds of conditional copula functions are the most common in the copula field and can be easily extended to other kinds of conditional copula functions. Based on Bayes theorem, we propose a novel nonparametric estimation for these conditional copula functions. In the proposed method, these conditional copula functions are derived as the corresponding product of the unconditional copula functions and the conditional copula density functions, which can be obtained by the classification of MCS samples and the KDE. In contrast to the existing nonparametric estimation methods, the novel method avoids any other complicated operators (such as estimation of the weights, integral operator, etc.), which reduces the estimating complexity for the conditional copula functions.
In order to validate the accuracy of the proposed method within the parametric copula framework, a two-dimensional normal copula function is employed to validate the accuracy of the proposed nonparametric method. While in the nonparametric copula function framework, a numerical example and a reliability analysis example have been illustrated, and a comparison between the direct MCS and the proposed method is drawn. And an astrophysics model based on real data is employed to estimate the conditional dependence among three variables by the proposed method. Two main conclusions have been drawn from the results. First, the proposed method is sufficiently accurate to estimate the conditional copula functions. Second, the proposed nonparametric estimation, only depending on a set of samples without any parametric assumption, complicated operators or explicit relationship between variables, is more ready and universal for estimating the conditional copula functions than the existing other nonparametric methods.
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